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ABSTRACT: We study the spectra of scalar and vector mesons in four dimensional strongly
coupled SQCD-like theories in the Veneziano limit. The gauge theories describe the low
energy dynamics of intersecting D3 and D7-branes on the singular and deformed conifold
and their strong coupling regime can be explored by means of dual fully backreacted super-
gravity backgrounds. The mesons we focus on are dual to fluctuations of the worldvolume
gauge field on a probe D7-brane in these backgrounds. As we will comment in detail, the
general occurrence of various UV pathologies in the D3-D7 set-ups under study, forces us
to adapt the standard holographic recipes to theories with intrinsic cutoffs. Just as for
QED, the low energy spectra for mesonic-like bound states will be consistent and largely
independent of the UV cutoffs. We will study in detail how these spectra vary with the
number of the fundamental sea flavors and their mass.
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1 Introduction

Holography is nowadays a standard and powerful method to investigate properties of some
strongly coupled gauge theories. Most of the studies of flavor physics in this context have
focused on the quenched approximation where the internal quark loops are neglected. The
extension of these investigations to the unquenched cases, where the full dynamics of the
flavors is included, is of obvious interest. The main focus of this paper is the study of mass
spectra of low spin (J = 0, 1) mesons in certain strongly coupled SQCD-like theories in the
unquenched Veneziano regime, where the number of colors and the number of flavors are
both taken to be very large, with their ratio taken to be fixed. The aim is to extract the
dependence of the spectra on the number, Ny, of sea flavors and on their mass, my.

The N/ = 1 SQCD-like models we will consider describe the low energy dynamics at the
4d intersection of “color” D3-branes and Ny homogeneously smeared “flavor” D7-branes
on the singular and on the deformed conifold. The models are the flavored unquenched
versions of the conformal Klebanov-Witten (KW) [1] and the confining Klebanov-Strassler
(KS) [2] ones. The strong 't Hooft coupling regime of these theories is mapped to some dual
backgrounds, arising as the full backreaction of the color and the flavor D-branes, with Ny
D7-brane sources. The supergravity background dual to the KW (resp. KS) model coupled
to chiral (resp. non chiral) massless dynamical flavors was found in [3] (resp. [4]). The
solution with chiral massless flavors in the KS case, which we will not consider, appears
in [5]. These massless-flavored solutions have generically (good) singularities at the origin
of the transverse radial coordinate. The singularity is avoided in the massive case. The
supergravity dual of the KW model coupled to chiral (resp. non chiral) dynamical massive
flavors was found in [6] (resp. [7]). The relevant solution in the KS case with non chiral
massive flavors was found in [8].

In order to extract the mesonic spectra we will probe these backgrounds with an
external D7-brane and study the fluctuations of a selected set of decoupled modes (dual to
scalar and vector mesons) of the gauge field on its worldvolume. This study will require a
careful treatment of the boundary conditions of the fluctuating fields, in connection with
the fact that the backreacted D3-D7 backgrounds - unlike the corresponding unflavored
ones - have various UV pathologies. In particular, we will show that there is a singularity
in the holographic a-function at finite radial position. Just as in QED, which has a UV
Landau pole, the spectra of the various bound states will nevertheless be meaningful and
independent of the cutoffs (up to corrections suppressed by the UV scale).

Since the goal of this paper is to study the dependence of the mesonic spectra on the
number of sea flavors and their masses, we will have to decide how to interpret our results,
i.e. how to compare different theories with different flavor parameters. As already noticed



in [8], there is no obvious natural scale or coupling which can be assumed to stay fixed when
varying those parameters. In any case, the comparison between two theories will necessarily
require us to make a choice of what to keep fixed. The comparison will strongly depend
on this choice. To disentangle the possible different conclusions we will need some explicit
formula for the mesonic masses as a function of the physical parameters in the theory.

We will parameterize the meson masses as Mpeson = Ag w where Ag is a dimensionful
scale which can be “measured” in the IR and which we will take fixed when comparing
different theories. This scale will be related to the “coupling” and the effective “string
tension” at the probe quark mass scale. The coefficients w will then be determined from a
numerical analysis.

Our results show that the w’s receive small “radiative” corrections due to dynamical
flavor loops and decrease as the effective coupling g%TN ¢ (where gl%T ~ ¢?) is increased
(or if the mass of the sea flavors is decreased). These small “quantum effect” corrections
resemble the hydrogen atom Lamb shift in QED. In section 5 we will argue that, for the
flavored KW models, these corrections could be related to the small variation of the effective
number of (adjoint plus bifundamental) degrees of freedom due to the internal flavor loops.
In the KS cases they could be related to corrections to the glueball (or Kaluza Klein) mass
scale. The decrease of the w’s depends on the choice of keeping fixed the coupling at the
probe quark mass: had we kept fixed the coupling at some larger UV scale, larger g%TN I
could have yielded larger meson masses.

The structure of the paper is the following. We will start, in section 2, by examining
the general UV behavior of the D3-D7 models under study. We will show how non trivial
UV cutoffs emerge when the holographic a-function is considered. Moreover, we will outline
the general limits of our analysis. We will then focus on scalar and vector mesons in the
flavored conifold models. In section 3, combining the numerical shooting technique and
the WKB analysis, we will extract the spectra of mesons having massive constituent flavor
fields in the (flavored) KW models. Having chosen a prescription to compare different
theories we will study how the sea flavors (either massless or massive) affect the mesonic
spectra. In section 4 we will present the results of analogous studies in the flavored KS
models, limiting our analysis to the case of mesons with massless fundamental constituents.
In section 5 we will discuss a possible way to interpret our results. We will end in section 6
with a set of concluding remarks. Various technical details and some comments on high
spin mesons will be left to the appendices.

2 General comments

A common feature of D3-D7 set-ups, both in the case of smeared and localized [9] D7-
branes, is a running dilaton in the dual supergravity solutions. The dilaton, and conse-
quently the effective string coupling, typically increases with the transverse radial variable
u of the backgrounds and blows up at a certain point uy. The solutions can thus be defined
at best only in a region u < ucy < ug where the dilaton can stay small.!

! Just to fix the notation consistently with the following sections, we will call p (resp 7) the radial variable
in the flavored KW (resp. KS) solutions and we will set ug = prLp (resp. uq = 74). In our conventions large



The point ug can be formally mapped to a UV Landau-pole in the dual field theories.
The simplest way to realize it is to consider a localized D3-D7 set-up in flat space. The
theory on N, D3-branes is just N' = 4 SYM, which has exactly zero beta function. We
can add Ny flavors to the theory by means of a stack of D7-branes, sharing with the
D3-branes the 4d Minkowski directions and extended along a non compact 4-dimensional
submanifold of the transverse space. This breaks supersymmetry (to N' = 2) as well
as conformal invariance. The perturbatively exact coefficient of the beta function for the
inverse squared gauge coupling is by = 3N.—3N.— N; = — Ny, which means that the theory
has a UV Landau pole. This pathological UV behavior is inherited by D3-D7 set-ups both
in orbifold and conifold models.

Apart from the dilaton divergence, the theories we are going to consider have other
less explicit UV singularities. In the flavored KW cases the integration constants can be
fixed so that the warp factor vanishes exactly at the Landau pole ug. In the flavored KS
cases this is not a consistent choice and the warp factor will diverge badly (going to minus
infinity) at ug. This means that there will be a point up < ug where the warp factor
vanishes and the metric becomes singular. A possible interpretation of this point is in
terms of a duality wall in the dual theory [4]. Since for u > wuj;, the warp factor becomes
negative, uy replaces ug as a sensible UV “end” of the flavored KS backgrounds.

Both the flavored KW and KS models have an even more “hidden” potential UV
pathology. It shows up by considering their 5d reduction. Starting with a 10d string frame
metric of the form

ds® = a(u) [dz,dz" + B(u)du®] + ds; (2.1)

int »

the reduction on the internal five dimensional manifold (with volume Viy(u)), gives a 5d
Einstein frame metric of the form

ds? = H(u)'/? [da,dat + ﬁ(u)duQ] , (2.2)

where

H(u) = e Vi (u)alu)? . (2.3)

In standard set-ups, the function H (u)l/ 6. which can be roughly identified with the dual
field theory energy scale, monotonically varies with the radial coordinate. This is also
required in order for the “holographic a-function” [10]

a(u) ~ Bu)* H(u) 2 [H'(u)] 7, (2.4)

to be finite.?

In both the flavored KW and KS cases, instead, the function H (u) is not monotonic: it
increases with u from zero up to a maximum at a point u, and then it decreases back to zero
(at ug in the KW cases and at uyp, with u, < up < ug in the KS cases). A representative
plot is given in figure 1. This behavior implies that the holographic a-function a(u) as

values of u are mapped to large energy scales in the dual field theory.
2The monotonicity of H(u) also plays a crucial role in holographic computations of the entanglement
entropy, see [11]. The notations of that paper are used in the equations above.
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Figure 1. The function H in the massless-flavored KW model.

defined in (2.4) is singular and discontinuous at u,. As we will show in the following,
the a-function will be positive and increasing up to v = u, where it will asymptotically
diverge. At v = u; a(u) will go to minus infinity and then it will increase to zero (at ug in
the KW case and at uj, in the KS one) for increasing w. In order to avoid the apparently
pathological region u, < u < ug, we will cutoff our D3-D7 backgrounds at ey < Ug-

The occurrence of UV pathologies in the D3-D7 models we are going to consider, does
not subtract interest to the study of their IR dynamics. QED, the most notable quantum
field theory model with a UV Landau pole, certainly provides excellent and meaningful
predictions on the low energy (e.g. atomic) spectra, which do not sensitively depend on the
UV cutoff. In order to study, say, the spectrum of bound states of (s)quarks pairs in our
D3-D7 conifold models we will just have to reconsider the standard holographic recipes and
adapt them to the case where the dual supergravity backgrounds do not have a boundary
at infinity. Having discussed the presence of UV pathologies, we stress that the aim of this
paper is not to study how to cure them or how to consistently UV complete the theory.
Conversely, we focus in computing IR quantities that are only mildly affected by whatever
the UV physics is, in a sense that we will make precise below.

In the following we will focus on vector and scalar mesons dual to fluctuations of the
gauge field on the worldvolume of a D7-brane probe. The corresponding mass spectrum
will be quantized after imposing that the fluctuations be regular at ug (the minimal radial
distance reached by the brane) and wvanish at the cutoff wucy < wug. The pathological
UV region will thus be excluded and treated as producing an infinite wall in the effective
quantum mechanical description of the fluctuating modes. The choice of the cutoff (but
not of its maximal value) is nevertheless arbitrary in the range ug < ucut < u, and the
consistency of our results will be guaranteed provided we show that the dependence on the
cutoff is highly suppressed. Note that we can think about our models as the IR regions of
UV consistent theories, providing some UV completions to the backgrounds at hand. This
perspective has been employed recently in [12].

Let us conclude with the following remarks. The theories to which we add flavors
correspond to the low energy dynamics of N regular (and M fractional) D3-branes on
the (deformed) conifold. They are (cascading) N' = 1 4d gauge theories with gauge
group SU(N) x SU(N) (SU(N + M) x SU(N)) and bifundamental matter fields A, B
transforming as SU(2) x SU(2) doublets and interacting with a quartic superpotential



Wkw = eijeklAinAjBl. The perturbative superpotential in the flavored case is:
W = Wikw + 71 G1(A1By — AsBo)q1 + ha Go(B1 A1 — BoAg)gs + ki (45qi)* +m (Giqi) » (2.5)

where ¢; and ¢; are the flavor multiplets and h; and k; are the couplings.

The SQCD-like models under study are assumed to be in the Veneziano regime. This
means that we take N., Ny — oo (where N, is the number of colors) with Ny/N. and
A= g%TNc fixed. Moreover, the dual supergravity solutions (with DBI+WZ source terms
for the smeared D7-branes) will only be reliable provided A > 1 (as usual) and Ny < N..?
These limits will allow us to consider cases where the effective coupling g&N = NyA/N,

weighting the vacuum polarization effects due to the dynamical flavors, is of order one.*

3 Meson excitations in the KW models with flavor

In this section we will discuss (part of) the spectrum of meson masses in the particular
framework of the so-called Klebanov-Witten conformal model [1] and its generalizations
with massless [3] and massive [7] unquenched flavors. We start by writing general ex-
pressions for the background and excitations and then specialize the study for the different
cases. We will close the discussion of the flavored KW models by analyzing the holographic
a-function in section 3.6.

3.1 The background solution and the excitation equations

We consider solutions of type IIB supergravity coupled to a homogeneously smeared set of
Ny D7-branes (we refer the reader to [3, 6, 7] for further details). The ansatz for the fields
which take non-trivial values in the solution is, in Einstein frame:

ds%o = hiédaci?) + O/h% [BQfd,O2 + ds%} ,

29 2f 2
dsg = % Z (d67 + sin® 6;d?) + % <d7/) + Z cos HidSDz‘> )
i=1,2 Pyt
4 -1 7 gs Ne o? .
Fiy =dz Nd(h™") — fsmﬂl sin 0adf; A dpy A dbay A dps A di
¢ = o(p),
s N
Fy = QT’;('O)(CMJ + cos O1dip1 + cos Oadpa) - (3.1)

Notice that the 5-form is self-dual and, using the relations:

I - 1
2&?10) 2m)"g2at’ P gs(gﬂ)pa’% ’

(3.2)

3Tt is worth pointing out that the Ny < N, condition, necessary in all the D3-D7 models, is not
mandatory in different set-ups with other kinds of brane intersections. Some examples where N;/N. can
be kept of order one have been studied in [13-15].

“Note that the open string coupling on the flavor branes is not Nye?: the backreacting branes are
smeared in the transverse space, so only a small fraction of them is within a distance of order vo and the
coupling is parametrically smaller than Nye? [6, 15].



one can check that it satisfies the quantization condition sz Fis = NCT321£%10) =
(27)*a?gsN,., where X5 is the internal manifold. If the two-form € is the density dis-

tribution of the smeared D7-branes (g;2 = —dF(l)), the action of the gravity+branes
system reads [3]:
1 10, /-~ 1 M L 2 2 1 2

Ty [/ %z e/ —G|Q +/08AQ} . (3.3)
Then (3.1) provides a supersymmetric solution if:

22 Fog_ o2 %f@)e«t,
T

h= —271gsNee 49 . (3.4)

g=e

(é _ 3gst(p) e 7
4

These equations are valid for the case without unquenched flavors [1] (Nf(p) = 0 such that

g = [ = p), the case with massless unquenched flavors [3] (N¢(p) = const > 0) and the case

with massive unquenched flavors [3, 6, 7] (where N¢(p) becomes a suitable p-dependent

expression depending on the kind of flavor branes under consideration).

In the following, we analyze excitations of a brane probe which preserves the same
supersymmetry as the background. Thus, there are two kinds of flavor branes in the generic
set-up: the first kind corresponds to dynamical quarks, i.e. the N; branes backreacting
on the geometry, accordingly corresponding to unquenched flavors (in section 3.4 we will
denote p, the value of p at their tip). The second kind is a single oscillating probe brane
(with tip at p = pg), associated to the quarks which actually constitute the mesons under
consideration. Of course it is possible to take this single fluctuating brane to be one out of
the Ny backreacting ones but in the following we deal with the more generic case of allowing
non-equal masses for dynamical and test quarks (p, # pg). Since the flavor branes affect
the values of the metric, dilaton and p-forms in the solutions, one may wonder whether it
makes sense to consider the oscillation of a brane in a background where the closed string
fields are taken to be constant. That is indeed the case: a meson is associated to the
oscillation of one (or a pair of) flavor brane and not to a collective oscillation of a set of
order Ny flavor branes. Thus, the possible backreaction of the mesonic oscillation on the
closed string background strictly vanishes in the Veneziano limit.

Let us consider a flavor brane probe of the type first discussed in [16] and corresponding
to the embedding z4 — z3 = e%pQ,5 where z3 4 are two of the complex coordinates defining
the conifold. Details and notations are spelled out in appendix A.1. We will only study a
reduced subset of all possible mesonic modes. Concretely, we will not discuss fluctuations
of the embedding and only the following fluctuations of the worldvolume gauge field, which
correspond to a vector and a scalar in the dual gauge theory:

A = ay(p)e™ €, da + as(p)e™hy . (3.5)

®An alternative embedding has been considered in [17].



Here, &, is a constant transverse vector and h; is the (angular) left-invariant one-form
defined in (A.9). We have chosen this particular set of fluctuations for the sake of simplicity,
since, as we will see below, it gives rise to relatively simple decoupled differential equations
both in the present set-up and in the Klebanov-Strassler case to be discussed in section 4.
Also for simplicity, we have not included any angular dependence for the fluctuating gauge
field (a truncation which is non-trivially consistent). Even if we restrict ourselves to this
very limited subset of all the possible excitations, we expect that the results can point out
the general trends on how the presence of dynamical flavors affects the meson masses.

The procedure to obtain the second order equations associated to these modes is out-
lined in appendix A.2. One gets:

3
0 = 9, (€?973°(e* — €*9)d,a,) + M2a h 92! <1 + 63”@3’)(1629” — 1)) ay, (3.6)

1 —edra—3 3. 1 9
0 = aﬂ (Tapa,s> - §ap(h )as - 4h(1 _ egpQ_gp)azs +
3
+M2a e* <1 + e3pQ3p<§e2g2f - 1>> as, (3.7)
where M, , = —k? are the masses for the vector and scalar mesonic excitations under

consideration. As it is customary, enforcing appropriate IR and UV behaviors for the
functions a,(p), as(p) will select a discrete spectrum for M, ;.

Before turning to the study of this issue in several cases, let us introduce a useful
parameterization of the meson masses, factoring out a dimensionful scale. Define:

NI

1
32\ T,
M,,=2n (2—7> L s, (3.8)
4
AQ

where Ty is the tension of a hypothetical fundamental string stretched at constant p = pg
and A is the ‘t Hooft coupling® at the same scale p = pg:

1
Tg = <e¢/2 Vv Gttha:> lo=pq AQ = 87T95Nce¢‘p:pce : (3.9)

2ma/

The important point is that these are quantities “measured” in the IR, i.e. at the tip of
the brane p = pg, which is related to the quark mass. The w, s will be towers of numbers
. . Ny
which, as we will see, depend on Vc)‘Q'
Notice, however, that, when writing (3.8), we could have chosen to factor out a different
IR dimensionful scale. Basically, this is related to the observation in [18] of the possibility of
different definitions of the radius-energy relation in non-conformal theories. For instance,

 The value of the tension Ty of eq. (3.9) can be obtained by studying the short distance behavior of
the QQ potential, obtained by analyzing a hanging open string in the background metric, see appendix D.
Notice that Tg is simply the fundamental string tension 1/(2ma’) redshifted by the string frame warp factor.

For the identification with the ‘t Hooft coupling, we have used the orbifold relation f]—%’ + f]—g =g;te .
Let us consider ¢ = ¢2 = g2 = 8mgse?, and thus define the 't Hooft coupling as A = N.g2r = 87gs Nee®.
One should keep in mind that this orbifold relation is not guaranteed to hold in general. The relations (3.9)
should be taken as the definition of T, Aq.



we could have factored out the constituent quark mass to be discussed in section 3.5.
Thus, one should keep in mind that when we compute how w varies with 2 )\Q, we will be

computing how meson masses change while keeping TQ2 / )‘Q fixed.

3.2 Mesons in the quenched approximation

We want to analyze the equations (3.6), (3.7) when the background is just the unflavored
KW solution, i.e.:

27
N¢(p) =0, f=g9=p, ¢ = const hzzwgsN e 4 (3.10)
It is useful to define:

=p-pg. (3.11)

The equations (3.6), (3.7) then read:

e3P
0 = Js(e P(e3 —1)95a,(p)) + w? (1 — T)a”(p)’ (3.12)
4533¢% — 24 5 5 e3P ~

0 = 9p(e?(e” — 1)3pas(p)) — ¢ m as(p) +wie p<1 + T>Gs(P)7 (3.13)

where we have used the definitions (3.8) and (3.9). In this conformal case, the actual quark
bare mass coincides with the constituent mass defined as the energy of a string stretched
from the bottom of the geometry up to the brane tip pg:

¢
PQ
feldp= 22— 3.14
e " 2rad r= 2ol ( )
This can be used to rephrase (3.8) as
2mm 32
M, = 15 o7 s (3.15)

AQ

Comparing (3.8) to (3.15), we see that Ty ~ m2Q/\/)\Q.

We can now numerically analyze equations (3.12), (3.13). In each case, requiring
regularity at p = 0 and normalizability in the UV selects a discrete set of values for the
w’s. A standard computation using the shooting technique yields:

wy = 2.337, 4.720, 7.088, 9.454,
ws = 5.174, 7.358, 9.482, 11.580, ... (3.16)

3.2.1 The Schrodinger potential formalism and WKB estimates

As shown in appendix B, after performing a convenient change of variables, the fluctuations
equations (3.12) and (3.13) can be written as Schrédinger equations for some particular
potentials. We can then apply the WKB approximation to get an estimate of the mass
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Figure 2. A plot of the first few values of wy ' and ws ' obtained numerically (dots) and the
approximation given in eq (3.17) (solid line).

levels. In the case of the fluctuations described by egs. (3.12) and (3.13) this analysis leads
to the following estimates of w,, s:

/ 1
w™ & (yn, wi™ ~ ¢, n2—{—gn—|—§5, (n=1,2,...) (3.17)

where (, and (s are given by:

(o A 2.365 (s~ 2.051. (3.18)

In fact, from WKB we only get terms of order n!' and n® as n — co. Thus, the term %

inside the square root of the expression for w, does not come from WKB and we obtained
it by fitting the numerical data. In figure 2, we compare these expressions to the first few
numerically found eigenvalues.

3.3 Mesons in the presence of unquenched massless flavors

In this section, the background defined by the equations in (3.4) with constant N¢(p) =
Ny > 0 [3] will be considered. The relevant solution is:
o — 47
395Ny (pLp — p)
1
e/ = e53/6(prp — p) (1+6(pLp — p)) " 5elP7707),
e? = es(1+6(pp — p)) el e,

1
1 1 3 1 2 1 2
h =2TrgsNe— | —= I'f-,—=—4 — —I'(=,—= 3.19
T9s c20§ (1862> < <37 3 (pLP P)) <37 3>> ) ( )

where the I' represents the incomplete gamma-function.

It is worth commenting on the integration constants appearing in (3.19). As compared
to [3], we have explicitly kept the integration constant prp which fixes the position of the
Landau pole (where the dilaton diverges). We have also kept the constant ¢ which can be
reabsorbed by rescaling the Minkowski coordinates and thus just rescales what one defines
as energy. On the other hand, we have set the constant ¢; (see egs. (2.37), (2.38) of [3]) to
zero for the sake of IR regularity. Even if the unquenched solution with massless flavors is
always IR singular, it was shown in [3] that ¢; = 0 produces the less severe IR singularity.



Most importantly, it was explicitly shown in [6, 7] that by introducing any non-zero mass
for the dynamical quarks, a regular IR can be obtained. Taking the massless limit of
this family of massive regular solutions yields the ¢; = 0 condition. Finally, we have set
h(pLp) = 0, such that metric and dilaton are both singular at the same point p = prp.
This UV prescription is not important for the computation of the meson masses: enforcing,
instead, h(pp) = 0 for some p;, < prp would just add an additive constant to h. As long as
Pn > pQ, this would only modify the values of the meson masses by quantities exponentially
suppressed as e’@™Ph. Extended comments regarding the effects of UV prescriptions on
the computation of the masses can be found in sections 3.3.1 and 3.3.2.

By inserting (3.19) into (3.6), (3.7), and using again the definitions (3.8), (3.9), one
finds the appropriate second order equations. It is easy to check that the resulting spectrum
of w’s only depends on prp — pg, which can be related to the physical quantity ]]\\%)\Q by
using the explicit solution for the dilaton in (3.19):

3272 N,
DT = — = . 3.20
PLP = PLP — PQ 3N, 2o ( )

The quenched case is recovered when ]X[—’:)\Q — 0, or prp — pg — 0.

3.3.1 Schrodinger potentials and UV cutoffs

Our goal now is to study equations (3.6), (3.7) in this background. In each equation we
have to demand regularity at pg for the function that defines the fluctuation. On the other
hand, one cannot use the usual UV normalizability condition since there is a Landau pole
which severely modifies the UV behavior. As anticipated in section 2, the natural condition
is to require for each excitation that:

av(ﬂcut) = as(pcut) =0. (321)

These conditions amount to introducing by hand an infinite wall at pcy;. Our working
prescription will be to set peut S pa, i-e. we consider a UV completion of the theory slightly
below the scale in which the holographic a-function becomes singular.

We now turn to justifying the proviso (3.21). Schrédinger potentials associated
with the fluctuation equations can be computed following the definitions of appendix B.
Figure 3 shows two examples of Schrodinger potentials for the vector excitation. For the
scalar excitation, the plots are qualitatively similar (except that V diverges towards +oo
in the UV pathological region).

From the figure, it is apparent that as long as prp is large (%—’:AQ is small), the UV
pathological region lies very far from the minimum of the potential where the physical wave
function has its main support (see the plot on the left). On general grounds, we expect
that whatever would be the UV completion of the potential, it only affects the eigenvalues
by exponentially suppressed quantities. In particular, the precise value of peut < po < pLP
has only a negligible effect on the spectrum, as long as pcyt lies far away from the IR region
where the potential reaches its minimum.

On the other hand, if ]]\\%)\Q is too large, prp (and thus pg, peut) is not far from the IR
region. Then, the formalism breaks down. In physical terms, if the UV completion sets in
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Figure 3. On the left, the Schrodinger potential for the vector excitation with w, = 3, pLp = 20.
The UV pathological region is well separated from the IR region. On the right, the potential for
wy = 3, pLp = 2. Obviously, the UV region is not separated from the IR one. The potentials
diverge to minus infinity at y = log(e”L? — 1).

not far from the relevant IR scale, it will affect the IR physics in a non-negligible way. The
plot on the right of figure 3 shows an example of this behavior. For this reason, we will
restrict ourselves to %—’;)\Q < 10.

3.3.2 Estimates of the meson spectrum from WKB

We have checked that the WKB expressions (3.17) in the unquenched case are also in very
good agreement with the numerical values obtained from the shooting technique.” Thus,
we just concentrate on studying the WKB integrals (B.16), (B.17).

For small NfAg /N, (large pLp — pg), we can expand the integrands in (B.16), (B.17).
A simple computation shows that:

N
¢, ~ 2.365<1 —112x 103 +. > ,
N.
N
Co ~ 2.051(1 —1.08 x 10*3FfAQ +.. ) : (3.22)
C

It is clear from (3.22) that the leading correction to the masses, due to the dynamical
flavors, is small. It is also approximately linear in NyA\g/N. = Nygéy| p=pg> See the bottom
lines in figure 4. The fact that the meson masses decrease with Ny might appear counter-
intuitive at first sight. In fact, there is nothing strange about it, as we will argue in
the subsection 3.3.3. Moreover, a qualitatively similar behavior can be inferred from the
unquenched lattice calculation reported in [19].

Now that we have found (3.22), let us be more precise about the size of the uncertainties
of the spectrum associated to UV prescriptions. For large p (but p < prp), the integrand
of the WKB integrals (B.16), (B.17) behaves as e ?. Thus, if one takes a different value
of peut, the variation of the integral and thus of the masses is of order e P<ut. Taking
into account the radius energy relation e ~ A (where A is the energy scale), one sees

"The relative error of the (3.17) formula with respect to the obtained numerical values is always well
below 1%, except for wfjl)7 when in the quenched case the error is already 1.2% and in the unquenched cases
remains approximately of the same order. The same applies to the case of unquenched massive flavors to

be studied in the next section.
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that different UV completions yield variations of the meson masses of order //\\Sz‘/, where

the IR scale is here associated to the mass of the quark constituents of the meson and
Ayv the scale at which the UV completion sets in. Notice that these corrections are far
more suppressed than the first corrections displayed in (3.22), which are of order (prp)~!
(logarithmic in the energy scale).

3.3.3 Comments on the physical interpretation of the results

From egs. (3.8), (3.17), (3.22), we read the following expression for the tower of vector
mesons:

NI

MM %6.19nT—?<1—1.12 X 10—3%,\Q+...>. (3.23)
A4 C
Q
From this formula, it seems that meson masses decrease with Ny, what, in turn, seems
to contradict the fact that dynamical quarks screen the color charges: the binding energy
between quark and anti-quark should decrease with increasing Ny and, accordingly, meson
masses should increase. The crucial point is that the flavor effects on the meson masses
heavily depend on the scales we keep fixed while comparing different theories. This means
that (3.23) states that meson masses decrease with Ny if the IR quantities Tg and A\g are
kept fized when comparing theories with different Ny. Had we kept fixed the gauge coupling
at some UV scale, larger Ny would have yielded smaller Ag, possibly resulting in larger
meson masses. We now clarify this statement with an example.
Suppose we want to rewrite (3.23) in terms of T and of the 't Hooft coupling A, at a
scale p, > pg. Due to the Landau pole, it does not make sense to take p, in the far UV,
and in fact let us assume p, < prp. Using (3.9), (3.19), (3.20), we find that:

3N/
AQ = A <1—(p*_PQ)32ﬂ_];N +> : (3.24)

Equation (3.23) can be rewritten as:

‘@ﬂow

N
M ~6.19n (1 +1.12 x 10*3Ff>\*< 14 212(ps — pQ)> ¥ > . (3.25)
C

ST

Ad

Thus, when we compare theories with different Ny keeping fixed Ty and the coupling at
any scale p, > pg + 0.47, masses do indeed increase with Ny.

Analogous considerations apply to the scalar mesons and to the rest of the cases
discussed later in the paper as well.

3.4 Mesons in the presence of unquenched massive flavors

We can generalize the analysis of the previous section to the case in which the back-
reacting dynamical flavors are massive. We take these dynamical flavors to be of the
same (non-chiral) type as the probe one, but with different mass m, (such that the tip
of the backreacting branes lies at p,). The background geometry is obtained by insert-
ing in (3.4) the expression for N¢(p) computed in [7], namely N¢(p) = 0 for p < p, and

- 12 —
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Figure 4. The functions (, s entering the meson mass formulae, see egs. (3.17), (3.8). In
each plot, the different lines are for a series of values of p, — pg, namely p, — po =
~10, -5, —1,-0.5,-0.2, —0.1,0.1,0.2,0.5,2, 5, 7.

N¢(p) = Ng(1 — e*a=3P) for p > p,. Let us define:

ki =1+6(prp — p) + 2¢3Pa (e—3pr — 26_3p) + bPa=br
k2 = 6(pLp — p) + 2690 (cImr — =),
Ky = 2009 1) 4 6(pe — ), (3.20)

so the functions determining the background can be written as:

]
C3

8T 1/6 By’
@ - ed = ca k eP—PLP , B‘f =c Q_BP_/)LP ,
9sN ko o 31‘31/3
27mgsN, [P _
b Wng ¢ / K 2/3ef4p+4pLPdp7 (P> pg), (3.27)
€3 P
and:
b _ 877T’ eI — of — c3 L 1/6 p—pLp ’
9sNykq !
27mqgs N, pPLP 1
ho= 295 e apur ( / by e edp 4 Sk e - 6‘4”‘1)> » (p<pg). (328)
Pq

With this input, we can easily analyze the WKB integrals (B.16), (B.17). Now, they
depend on two parameters, namely ]]\\%)\Q and the mass of the dynamical quarks through the
quantity p,—pq. Results are plotted in figure 4. At fixed p, — pg, the meson masses slightly
decrease with ]]\\[,—’:)\Q. As ]]\\[,—’:)\Q — 0, the (’s tend to the quenched values (3.18). Moreover,

the larger the value of p; — pg, the larger are the meson masses at fixed ]]\\[,—ﬁ)\Q. For large
Pq— PQ, the (’s tend to the quenched values too, i.e. the lines in figure 4 become horizontal.
This is expected since if the dynamical quarks are very massive, they become quenched,
even if there are many of them. At small p, — pg — —00, one recovers the massless quark
set-up of section 3.3 and indeed the lower line in each plot is well approximated by (3.22).
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3.5 On the constituent quark mass

As explained above, the definition (3.8), which uses the local string tension, and (3.15),
which involves the constituent mass defined as in (3.14), coincide in the quenched (con-
formal) case, but differ in the non-conformal cases. We study here how the dimensionful
prefactors in these equations vary with respect to each other when varying ]]\\f,—’:)\@. Let us
define the following quantity: 4

391 L Té
vor (3)* %
)\Z
5= <, (3.29)
27er Q
I 27
A

2
Q

By Taylor expanding for large prp (small ]X[—’:)\Q), we find the following leading order ex-

pression for §:

3 3. 3.\ 3N
=1 — — —pPa 2 23Pq __f )
o +[<8 =€ + 11 )32772NCAQ}+ pg <0,
3 ..\ 3 N
§=1—|(—e ) 2Ly, 4+ .. 5y > 0 3.30
[(2806 >327T2Nc Q}“L Pa =0 (3:30)

where we have defined p, = p; — pg. Both for %—’:AQ — 0 or p; — o0, one has 6 — 1,
recovering the quenched result. This relation, togefher with the results in figure 4, allows
one to compute how the w’s would vary with ]X[—’:)\Q if, instead of (3.8) one decided to
use (3.14), (3.15) as the definition of w.

3.6 The holographic a-function in flavored KW models

As we have anticipated in section 2, the D3-D7 conifold models under study are plagued
by various UV pathologies. The behavior of the holographic a-function (see eq. (2.4)), in
particular, suggests that any UV cutoff we choose to adopt in the analysis of the mesonic
spectra has to be located below the discontinuity point p, where the function diverges.
Fixing the overall constant factor such that a = axw = N2(27/64) in the unflavored case,
the function a(p) for the flavored KW models can be taken as:

_ 27 3/2 3f ry7/2 -3
where )
1 3
H(p) = (g_;r> he2lt800/5 (3.32)

Let us now consider the flavored KW model with massless quarks. The function H(p),
which in the unflavored case is monotonically increasing as €5, now has a maximum at
pa ~ prp —0.27.8 This behavior strongly affects that of the holographic a-function® as it is
evident in figure 5. As expected, the holographic a-function has a bad discontinuity at p,,

8H(p) starts from zero at p — —oo and comes backs to zero at p = prp. This behavior does not depend
on the particular choice of integration constant for the warp factor.

°It is simple to realize that a(p) does not depend on gs and on the integration constant cz. It just
depends on prp — p and is proportional to NZ.
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Figure 5. The holographic a-function in the massless-flavored KW model as a function of p — pr,,,
(left) and of (Ny/N:)A = (327%/3)(prp — p) ' (right).
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Figure 6. The holographic a-function in the non chiral massive flavored KW model. We have fixed
Pq = pLp — 2. On the right, a zoom around p,; — prp.

where H'(p,) = 0. For p < p,, a(p) is positive and increasing with p, whereas for p > p,
it grows from minus infinity to zero.

Far below the Landau pole, the holographic a-function is only slightly varying with
(N¢/Nc)A and has an almost linear behavior

27 _
alp) ~ NZ |57 +2 % 107 (g Ny) (p < prp), (3.33)

where g%T ~ e?P) | This expression can be read as the leading correction to the effective
number of adjoint plus bifundamental degrees of freedom, due to the internal quark loops
(see analogous comments for the entropy of the D3-D7 model in flat space in ref. [20]).

For the non-chiral massive-flavored KW solution, where the sea quarks have a mass
which is related to p,, relevant plots are shown in figure 6. The holographic a-function
approaches the unflavored value axw, for p < p,; then it is very slowly increasing with
p up to p = p,. Slightly above p, the function a(p) starts increasing faster and then it
blows up towards a point p, where the previously noted bad discontinuity shows up. In the
present case p, is a function of p,: it goes to ppp — 0.27, as in the massless flavored case,
for very small sea quark masses (prp — p; — 00) and goes to prp for very large masses.
For p > p, the a-function is again going from minus infinity to zero.

In section 5.2, we will suggest a possible relation between the behavior of the a-function
and that of the ¢, , functions in the mesonic spectrum.
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4 Meson excitations in the flavored KS models

This section follows the same structure as the previous one, but we consider solutions
in which the conifold metric is deformed and there are three-form fluxes that affect the
UV behavior of the background. Namely, the quenched set-up is the Klebanov-Strassler
solution [2]. We discuss mesonic excitations in this background and in its generalizations
with unquenched massless [4] and massive [8] non-chiral flavors. The solution with massless

chiral flavors was found in [5], but we will not address that case here.

4.1 Background and excitation equations

Let us write the metric in the notation of [16]. In Einstein frame it reads (both for the
quenched and unquenched cases):

ds? — hi%d%%,:& + h% o/BQ(T)(dT2 + (hg + 53)2) +

2 - -
——(hshy — h1h1)> , (4.1)

+h2 o/ A2(7) (h% +h3+ R4+ R+
where we have used the definitions in (A.9). There are non-trivial Fiy), F(3), F(5), H)
forms, which we will not need in the following. We refer the reader to [4] for details.

For the fluctuating probe brane, we will consider a supersymmetric embedding first
discussed in [16], where it was shown to correspond to a massless non-chiral flavor in this
set-up. Concretely, the embedding is parameterized as v = 0, = const, in terms of the
variables introduced in appendix A. We discuss in the following mesonic excitations of this
probe brane. Note that this simple massless embedding cannot be used in the KW cases be-
cause it would not produce a discrete spectrum, due to the different IR behavior of the back-
grounds. Oscillations around massive generalizations of this embedding (in the quenched
background) have been discussed in [21], but are beyond the scope of the present work.

Similarly to (3.5), let us just consider excitations of the gauge field of the form:

A = a, (1) da? + ag(T)e* hy . (4.2)
The corresponding second order equations are [16]:1°

0 =0, (A2 tanh T@Tav) + Mg ho/ A2B%tanh 7 a, ,

th 5 1 1 tanh Z
0=0, <COT28Ta5> + [—§8T(h1) ~ 1 ar;L 2 4 M?d'B? coth% as . (4.3)

Again, we want to factor the meson masses as a dimensionful scale related to certain
IR quantities (evaluated at the tip of the oscillating brane, namely 7 = 0) times a purely
numerical factor which we will study. As a first step, let us introduce a similar factorization
for the function h: ., ,
h=(e*) |, 25(egsM)” 1y (4.4)
MS

%Tn [16], a constant dilaton was considered but it turns out that a running dilaton does not modify

the expressions (4.3). In the very far UV these equations coincide with those of KW, as expected, see
eqs. (3.6), (3.7). Looking at the far UV amounts to setting e*’@ ™% = 0, tanh7 = tanh Z = coth Z = 1.
One also has to identify €29 = 642, 2/ = 9B? and 7 = 3p.
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and let us define:

=

T
M, = 2728 =5 w, (4.5)
Ao
where we have introduced the string tension and the 't Hooft coupling'!' in the IR as:

_1
2

jp— <e¢/2m> o = L L

- 27/ 2ma/? Q%QSM

Wl

, Ao = 8mgs M <e¢) |T:0, (4.6)

where we have defined Iy = I|,—9. Our goal in the following is to determine the value
of the w’s in the set-ups with and without dynamical flavors. As in the previous section,
WKB estimates will be very useful. In this case, for both the vector and scalar modes, the
integral (B.12) which governs the behavior of the spectrum reads:

(4.7)

M

1 Tcut
zz;rﬁf(f/ I2Bdr, ¢=
0

4.2 Mesons in the quenched approximation

Let us write the value of the functions that determine the geometry when no backreacting
flavor branes are present [2]. Define:

(sinh(27) — 27')% ‘

K(r) = S (4.8)
23 sinh 1
Then, the different functions of the ansatz read:
4 4
A%(1) = % cosht K(7), B%(r) = GKL(ST)Q , e? = const (4.9)
whereas the function I is given in terms of the following integral:
T the — 1
I(r) = Iy — / e~ (sinh(22) — 2z)¥dx . (4.10)
0 sinh” x
The condition I(co) = 0 fixes:
Iy =0.71805. (4.11)
In this case, the second order equations (4.3) reduce to:
. _1 sinh 7
0 = 0, (K(7)sinh70,a,) + w21, *I(7) 6K (T) Ay ,

coth Z 1 1 tanh _1 1 T
— 2 ——o(I(r) ™ H) == 2 L1207 h=|as. 4.12
0 BT< ) GT%) —i—[ 28T( (1)) 17707 + 1 *w; K ()2 cot 5| s ( )

The discrete set of w’s which make the fluctuations regular in the IR and normalizable in
the UV can be determined numerically via the shooting technique. We obtain:!?

wy ~ 1.367,2.553,3.752, 4.956,6.164, . . .
ws ~ 3.100,4.491,5.778,7.032,8.271, . .. (4.13)

11 As in footnote 6, we emphasize that we abuse of language when calling A the ‘t Hooft coupling.
12 The same computation has been performed in [16]. Our numerical values differ from those displayed
1

there (even taking into account that there is a factor of I, * difference between our definition of w and the
definition of A in [16]).
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Figure 7. Comparison of the estimates (4.14) to the first few points obtained numerically.

4.2.1 WKB estimates

Applying the WKB approximation (as in appendix B) to this case, we get the following
estimates for the masses:

1 1
Wy N C\/n2+—logn+—,

3 4
7 5
ws & C n2+§n+zlogn+2, (4.14)

where ¢ = 1.214 is what comes from the WKB integral (4.7), in which 7y, = oo. The
constant terms inside the square roots, as well as those with logarithms, do not come from
WKB but from fitting the points obtained numerically. We have included those terms
in order to fit masses with low n (the WKB result is only guaranteed to be accurate for
large n). We stress that such dependences on n are not exact, but just useful simple
approximations. A comparison of the expressions (4.14) to the first few numerical values
is given in figure 7.

4.3 Mesons in the massless unquenched set-up

The deformation of the solution due to a set of smeared massless flavors was found in [4].
In the following, we employ a notation slightly different from the one used in [4]. Let us
call 74 the position of the Landau pole and define:

[2(4 — 7)(sinh(27) — 7) + cosh(27) — 27 74 — 1]3

A(r) = a , 4.15
") (474)3 sinh T (4.15)

which is such that in the quenched limit lim;, .. A(7) = K (7). The other functions read:

4
3 — 4
I Ta—T o® 7

- 6A(T)2 14 - gsNy(tqa— 1)

ol

A%(1) =

»p|7;

cosh 7 A(7), B%(7) (4.16)

The first two expressions reduce to those in (4.9) when 74 — co. From the expression of
the dilaton and the definition of A\g in (4.6), one gets:

32m2 M
Td = .
4T "NiXo

(4.17)
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The remaining function entering the metric is /(7) which can be written as:

I(T):IQ—Q_%TC?/T x cothg?—12 —cosh(2z) + 422 —4x 74+ 1 — (v — 27y) sinh(22x) e
0 (Ta—z)?sinh”x  (cosh(2z)+222 —4x 75— 1—2(x —74) sinh(2z)) 3
(4.18)
which consistently reduces to (4.10) as 7y — oo. We still have to give a condition that fixes
1y for a given 74. Notice that, regardless of the value Iy > 0 that we may insert, the function
I(7) vanishes at some value 7, < 74, since, in fact, it is easy to check that I(74) = —oc.

However, when 74 > 1, there is a region 1 < 7 < 74 — €, where the derivative of I(7) is
3

exponentially small. The parameter € ~ Tdie*%” is an exponentially small quantity defined
by the fact that the (z —74) 2 in the integrand of (4.18) starts dominating and makes 0, I
diverge. We define Ij as the offset of I(7) such that the almost flat region 1 < 7 < 74 — €
lies around I = 0. For instance, we can set 7, = 74 — 1 and fix Iy by requiring I(73) = 0.
Any other similar definition, as for instance 7, = 74— 2, would only affect Iy by a negligible
exponentially small quantity (of order e_%Th). Thus, as anticipated in section 2, the choice
of UV cutoffs only affects the IR physical quantities such as meson masses by negligible
amounts. We emphasize that for this reasoning to be valid, it is necessary that 75 > 1,
making it possible to have a large separation between the UV and IR scales (see related
comments in section 3.3.1).
Let us now write the excitation second order equations (4.3) for this case:

sinht 7y —71

6A(T) 74

1
0 = 0y (A(7)sinh 70ra,) + w2 1, 2 I(7) ay , (4.19)

coth % 1 1 tanh % _1 Td—T T
0=20, —20- —=9-(I(r)™H == 2 412w —% _— coth— .
( T as> * [ 2 (I(r)™) 4 I(7) o "Wy 6A(7)3%7y O] s

The values of w only depend on 74 which, in turn, is related through (4.17) to %)\0, the

physical parameter controlling the deformation produced by the unquenched flavors.

Notice that the D3-D7 background in [4] has a (good) curvature singularity at 7 = 0,
the minimal distance reached by the D7-brane probe we are focusing on. Nevertheless,
since the metric components are not singular there, we can extrapolate the fluctuations up
to the origin where, as usual, we impose them to be regular.

4.3.1 WKB estimates

Similarly to section 3, the WKB formulae (4.14) also match the results in unquenched
backgrounds quite well, the main effect of the flavor backreaction being a shift in the value
of ¢. Inserting (4.16) in (4.7) yields:

-1

e I () VT
N ar | . (4.20)

We will choose Teyt < 7o = 7, — 0.38. It is worth stressing once again the independence of

the result in such UV prescription: for 1 < 7 < 7, the integrand is of order e~ /3 since

Toce 5" and A oc e~™/3. Had we chosen a different Teut, it would only have changed the

,19,



integral by an exponentially small quantity. In more physical terms, the main contribution
to the integral which fixes the meson masses comes from the IR region, as expected on
general grounds. Following the reasoning at the end of section 3.3.2, one can check that

the size of the corrections associated to the UV features is of order [i\éf\‘/

By expanding for large 74, we find:
_o Ny
C~1214(1-1.14 x 107" =g+ ... | . (4.21)

4.4 Mesons in the presence of massive dynamical quarks

We now consider mesons in the flavored KS solution with massive dynamical quarks [8].

Let us begin from the step function approximation for the function representing the
effective number of flavor degrees of freedom, Ny(7) = N;O[r — 74, where 7, is related to
the mass of the dynamical quarks. The solution in the IR, for 7 < 7, is just the ordinary
KS solution but for the value of Iy, which is again set by the requirement that h(7r,) = 0.
For 7 > 7, the solution is practically equal to the massless flavored one [4] considered in
the previous section. The only difference is in the integration constant, previously set to
one, in the function A:

[2(74 — 7)(sinh(27) — 7) 4 cosh(27) — 27 74 — (cosh(27,) — 27’3)} s

A(r) = : . (422
) (474)3 sinh T (4.22)

and in a relation between the IR and UV scales pu:

4/3 4/3( Td e
Huv = MR < > : (4.23)

T4 — Tq

These relations follow from the requirement of continuity of the metric at 7,. Also, the
coupling in the IR will now read:

32w M
Ny(ta—1q)
It does not run below the sea quark mass scale 7;,. Using the definition (4.4) we have, in
the UV region:!3

e [ zcothz—1
1) = st [ |22

Xo = 8mgsMe?|;—0 = Ay, = (4.24)

—cosh(2z) + 42? — 4275+ 1 — (z — 274) sinh(2x)
(cosh(2z) + 222 — 4w 74 — (cosh(27y) — 272) — 2(x — 74) sinh(2z))3

X }dx. (4.25)

The equations for the mesons are the same as in the previous sections and their mass
is controlled in the WKB approximation by the function 3. It is calculated with the KS
solution for 7 < 7,, while for 7 > 7, it reads:

Yuv =

_1 1
Teut 4 3 — — 1/6
fo "I(1)* vra (=) “ar. (4.26)
. VBA(T)  Td Td

2/3
3Note that the continuity of the metric at 7, implies a discontinuity of I: Tuv(r,) = IIR(Tq)( = ) .

Td—Tq
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Figure 8. The plot of {, see (4.27), entering the WKB meson mass formulae. The different lines

are, from bottom to top, for 7, = 0.1, 1, 5,10, 15,20. The meson masses vary only very mildly when
changing %)\0. Also, they go to the quenched case both for small %)\0 and for large quark mass.

The result for the function
T

Czia

which gives the meson mass dependence on the number of flavors and their mass, is shown

(4.27)

in figure 8. The behavior of the masses is qualitatively the same as for the KW model,
figure 4. The masses are mildly, almost linearly decreasing with %)\0. Moreover, the more
massive are the dynamical quarks, the smaller is the variation; for very large quark masses,
the meson masses are practically constant and equal to the quenched values, as expected.
We have repeated this calculation for the exact solution found in [8], where the function
Ny(7) is not of the approximate step form but is explicitly calculated from the brane
embeddings. Since the formulae for this background are rather involved, we do not report
them here and refer the reader to [8]. In any case, the qualitative behavior of the calculation
of the meson masses is exactly as described above in the step approximation for Ny(7). The
plot of the function ( is qualitatively identical to figure 8, also in the region not accessible
by the step approximation, where the flavor branes reach the tip of the conifold and so the
sea quark mass is smaller than the dynamically generated scale, but it is still non-zero.

4.5 The holographic a-function
The expression for the holographic a-function in the flavored KS case is given by:

i (7= 7) B
6 g A(T)%

p(r) = @

H(r) = §7T60/5,u20/3h(7')A(7')2 sinh*(7) 7(”7_; 7) )

a(t) ~ 27332 H2[H') 3. (4.28)

It is clear that the holographic a-charge can be real only for 7 < 715,, where h(7,) = 0. For
7 — 0 the function goes to zero as

a(t) =~ M*X3I27°, (1 —0), (4.29)
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Figure 9. The holographic a-function in the massless-flavored KS model. We have set 7y =
10,h(0) = 1 and fixed 2%/3g4(3272)M? = 87u®/3N;7,4. In this case 75, ~ 3.93 and 7, ~ 3.57.

and increases with 7 up to the point 7, < 75, (where H'(7,) = 0) where it diverges and it
has the bad discontinuity discussed in section 2. A representative plot of the holographic
function a(7) in the massless-flavored KS solution is given in figure 9.

4.6 The domain wall tension

We compute here an expression for the domain wall tension, which is related to the value of
the gluino condensate. It comes from the action of a D5-brane sitting at 7 = 0, wrapping
the finite S [22], namely:

1
1 1 2\2 p? /o
Tow = 167 T50/3 (A2Bef )| = — (D) 5 () 4.30
bw e ¢ =0 Js 2m2a/3 \ 3 8 ¢ =0 ( )
We can write it in terms of the IR quantities defined in (4.6):
17 1 3
CALE I3 (4.31)

MTz N 8TV3

This expression gives a meaning to Iy in terms of physical quantities. By expanding for
large 7,4, one can find the effect of the (massless) unquenched quarks on this quantity to be:

N
Iy ~ 0.71805<1 1+1.16 x 10—2MfA0 1. > . (4.32)

5 Towards an interpretation of the behavior of the mass spectra

In the previous sections we have extracted the mass spectra for specific mesons in the KW
and KS models with and without dynamical sea quarks, by studying fluctuations of the
U(1) gauge field on the worldvolume of a probe D7-brane. The equations of motion for
more generic fluctuations can be very difficult to solve and/or diagonalize and so it could
be useful to have an idea of how the mass spectra behave (as a function of the scales
and couplings of the theory) in those cases. Moreover it would be nice to understand the
behaviors we have found for the mesonic spectra at fixed scales or couplings in terms of

simple general expressions.
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5.1 Unflavored KW-like models

Let us start by reviewing some known results in the unflavored D3-brane models on the
singular conifold, or, in more generality, on a singular toric Calabi-Yau cone over a 5d
Sasaki-Einstein compact manifold X5. The gauge theory on the D3-branes has gauge group
of the form SU(N)? where p is an integer, and there are bifundamental and adjoint matter
fields coupled through various superpotential terms. The dual supergravity background
has a near horizon AdSs x X5 metric:

o 17 R’ 2, ,23.2
ds® = ﬁdxudx“ + o) (dr® +r?dsz) , (5.1)
with AdS radius given by:
3
R* = 4mg,N.o? —— . 5.2
e o1 (X) (5:2)
This background is dual to an IR surface of fixed points for the planar gauge theory at strong
(effective) 't Hooft coupling A = g2 N, ~ gsN. > 1, where g1 = go = -+ = g, = grr. The
volume of X35 is holographically related to the IR central charge apr as in [23]:
NZ s
= 5.3
T Wol(Xs) (5:3)

Let us now place a (supersymmetric) probe D7-brane on AdS5 x X5, assuming that the
brane reaches a minimal distance rg from the origin of the space transverse to the D3-
branes. The D3-D7 open strings will provide fundamental flavor fields of mass mg =
rq/(2ma’). The low spin (J = 0,1) mesons dual to fluctuating worldvolume fields on the
D7-branes will have, just as in the simplest X5 = S° case [24], masses of the order:

2ra/mg _2mq [ N2

M ~ :
R? VA \ arr

(5.4)

where we omit universal (i.e. independent on X35) numerical factors. Using the relation
2ra/mg = rg = R\/Gu(rg) we can easily rewrite the formula above as:

M \/T7Q<N3>%, (5.5)

)\1/4 agT

where 27a’Ty = Gy (rg). This expression reproduces (in the constant Ao = X case) the
parameterization of the meson masses introduced in eq. (3.8), once adapted to the conifold
case, where X5 = TH! with Vol(TH!) = 167%/27 and so apt = N2(27/64).

As already outlined in the literature, these results imply that at strong coupling the
binding energy of the QQ system is very large, since the mesonic masses are parametrically
smaller that the total quark mass 2m¢. Moreover, as was observed in [25] for the AdS5 x S°
case, they imply that the typical size of the mesons is L ~ v/ /m¢ which is very different
from the weak coupling expression (the Bohr radius) Lyeak ~ (mgA)~! and much larger
than 1/mg.
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For our purposes, a formula like (5.5) allows us to show how the meson masses are
expected to scale with the effective number of (adjoint+bifundamental) degrees of freedom
(which are accounted for by apt). For fixed T/ VX the masses decrease as this number is
increased. This behavior can be understood as an effect of the increasing binding between
the constituent quarks as apt is increased.

5.2 Flavored KW models

It is natural to think about a possible extension of formula (5.5) to the case where the probe
D7-brane is put in the fully backreacted D3-D7 background dual to, say, the flavored KW
model. Since the fluctuating fields which are dual to the low spin mesons are localized on
the probe D7-brane at pg (we use, as in the rest of the paper, a different radial variable
when referring to the unquenched solutions) we can expect the mesonic masses to scale as:

o YT (ﬁ)i | 56

Ag + \aq

where \g ~ N.e®@) and ag = a(pq) are the 't Hooft coupling and the holographic a-
function (see eq. (3.31)) evaluated at pg. The expression above could provide a simple
interpretation of the linearly varying (with NyAg/N.) functions (s, entering the mass

1/4
Mg, ~ \/TQ <¥> Cs,vfs,v(n) . (5'7)

parameterization (3.8):

' 1/4 \ 27
AQ
If we define: )
N2\ 4
agQ

we can first notice that, just as (s, this function is indeed always decreasing (outside the
pathological UV region) as NyAg/N, increases. In fact, as we have observed in section 3.6,
the holographic a-function is always increasing slightly with g%TN ¢~ N¢A/N. as a result
of the increasing number of effective (adjoint plus bifundamental) degrees of freedom due
to the internal quark loops.

Moreover, in the massless-flavored KW case, we can see that the function (g also has
a quantitative behavior which is close to that of (,,. Far below the Landau pole, (g is
in fact a linearly decreasing function of (Ny/N.)Aq (see figure 10). The linear behavior
persists up to large values (O(200)) of (Ny/N.)Ag. The best linear fit is actually:

1
64\ % N

where the term in parentheses is quite close to what we have found for (s, in egs. (3.22).
Analogous comments apply to the massive-flavored KW model, though the quantitative
matching between (g and (s, is realized only in the pg > p, region.
A proposal for an alternative way of interpreting the ¢, s behavior is briefly discussed
in appendix C.
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Figure 10. The function (g (5.8) in the massless flavored KW model.

5.3 Flavored KS models

A parameterization of the meson masses analogous to the one in (5.7) has been adopted in
section 4 in the (flavored) KS cases. The only differences are that: 1) in those cases we have
just focused on mesons made up of massless constituent quarks (the corresponding probe
D7-brane reaching the origin); 2) the effective 't Hooft coupling was written in terms of the
number M of fractional D3-branes instead of that (N.) counting the regular D3-branes.
The first point just implies replacing Ty with To = T and the second just means that we
have to replace \/% with Ag in the mass formula. The resulting parameterization is that
written in eq. (4.5). In order to give an interpretation to the ¢ functions in the flavored
KS cases one could thus think of naively extrapolating the previous results and so to relate

1/4

this reasoning would certainly fail, since ag = 0 in the KS models.

those functions to a, /", with ag being the holographic a-charge at the origin. However

For the cases where mg is much larger than the IR dynamical scale, we expect the
qualitative considerations proposed for the flavored KW models to apply. Instead, we
should consider alternative ways to interpret the ¢ functions in the mg = 0 flavored
KS cases. One interpretation is the following. From the KS-like metrics we read that
T,/ m%q( ~ )\OIS/ 2, where mkgk is the mass scale of the glueball and KK modes. Since

1/2

in our analysis of the spectrum we keep fixed the ratio (Ts/Ao)"/*, we are keeping fixed

V4T we compare formulas (4.21) and (4.32) we

mKKlol/ 4, which means that mxx ~ I,
are led to argue that ¢ ~ [, /4 is a measure of the variation of the KK (or glueball) mass
scale with the number of dynamical sea flavors and their masses. Possibly this variation
can also be related to a change in the effective number of degrees of freedom around 7 = 0.
From eq. (4.29), in fact, we get that [a(r)/(M?7%)]71/* ~ A81/2I(;1/2 which displays a

qualitative behavior similar to that related with mgxk.

6 Summary and outlook

Since in real world QCD the number of flavors is of the same order of the number of col-
ors, it is of obvious interest to study the extensions of the standard string/gauge theory
correspondence to theories including the dynamical effects of fields in the fundamental
representation [9, 12, 26]. Some technical difficulties in finding such extensions can be
overcome if the branes carrying flavor degrees of freedom are smeared in the internal direc-
tions [13, 27]. Despite the fact that, due to this simplification, there are nowadays a large
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number of available models in the literature [3]-[8, 13-15], some of their relevant features
have not been fully investigated. Among the others, an important issue concerns hologra-
phy in the presence of a UV cutoff. In this paper, we have addressed some relevant topics in
the flavored versions of the Klebanov-Witten [3, 7] and Klebanov-Strassler theories [4, §],
dual to D3-D7 brane systems on the (deformed) conifold.

We have started by refining the range of validity of the supergravity solutions. Besides
the point where the dilaton diverges, which is commonly associated to the presence of
a Landau pole in the dual field theory, we uncovered in these backgrounds a point of
singularity in the holographic a-function. The existence of the singular point, which is
located in the UV of the solution at least for small enough Ny, is clearly related to the
presence of D7 branes.' The presence of the Landau pole already required a cutoff. The
new effect described here shifts the needed cutoff towards smaller energies.

Keeping in mind this issue, we have performed a study of small spin mesons in our
conifold models. The meson masses, even in the quenched case, are quite different from
the QCD ones, due to the fact that the mesons are very tightly bound [24]. So, there
is no direct way of matching the corrections due to unquenching with actual QCD data.
Nevertheless, our perspective is that the studies in the calculable gravity duals can be
useful to gain some qualitative insights on the way (and to which extent) the screening

effects can be understood from simple considerations on the physics of the models at hand.

Concretely, we have introduced a probe D7-brane in the backgrounds and have
calculated the masses of some vector world-volume modes. Our primary interest was to
investigate how the meson masses depend on the dynamical flavor degrees of freedom,
in particular their number and masses. The presence of fields in the fundamental
representation screens the charges, so the meson binding energy is affected by flavors.
The comparison of the screening effect among theories with different number and mass of
the flavors requires some conventional choice of the physical scale to be kept fixed in the
process. Once this choice has been performed, the spectra of mesons have been calculated
numerically, both for the quenched and the unquenched KW and KS theories. Keeping
fixed the coupling at the probe quark scale yields a decreasing of the meson masses as
g%TN ¢ is increased. Had we kept fixed the coupling at some larger UV scale, larger g%TN I
could have yielded larger meson masses.

Our computation of the change in the meson masses due to the unquenched flavors
is, in spirit, equivalent to the Lamb shift in atomic spectra: both are effects that show up
when taking into account the (slow) running of the couplings in a theory with a Landau

1A possible explanation for such pathology is the breakdown of the naive interpretation of the grav-
ity/field theory duality, due to the incomplete freezing of the gauge coupling on the D7 branes. In fact,
if the D7 SU(Ny) (or, better, U(1)4) is not really a global symmetry but rather a (very) weakly gauged
one, at a certain UV energy scale its gauge dynamics will be dominant over the D3 one. At that point,
the interpretation of the system as a 4d gauge theory coupled to Ny flavors breaks down. Thus, the latter
interpretation is trustworthy only up to some UV cutoff scale. An alternative explanation is that in the UV
the claimed decoupling of the gauge theory with the bulk gravity modes is not fully realized. The presence
of the singularity in the UV prevents us from casting any reasonable conclusion. We thank Carlos Nunez
and Francesco Benini for related comments.
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pole. The main qualitative difference is that while in QED the theory is weakly coupled in
the IR, in our case the theory is always strongly coupled.

Finally, we have suggested that the mass dependence on the flavor parameters in the
KW models seems to be simply described by the behavior of the holographic a-function,
counting the number of effective degrees of freedom at a certain scale. In the KS cases it is
more plausibly related to the changes in the glueball (or KK) mass scale as the dynamical
flavor parameters are varied.

A relevant case that remained out of our investigation is the spectrum of mesons for
massive probe quarks in the (flavored) KS model. In general, the study of other observables
in such flavored backgrounds could shed further light on the holographic correspondence
in these models with UV cutoffs. It would be interesting, in particular, to investigate
the behavior of the entanglement entropy. Finally, it would be important to understand
holographic renormalization in theories with UV cutoffs.
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A Some technical details of section 3

A.1 The probe brane embedding

In order to study mesonic excitations, we consider a flavor D7-brane which preserves su-
persymmetry in the backgrounds (3.1). In particular, we take a probe brane embedding
z4 — 23 = p which introduces non-chiral flavors and was first studied in detail by Kuper-
stein in [16]. In the following, we follow the steps of [16] in order to introduce a new set
of variables that will be convenient to describe this embedding and its excitations. The
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(dimensionless) z's are defined as:

71 = e3Pes(—p1—w2) gip ﬁ sin% , 29 = e3Pe3(WHe1H02) g 0—21 cos 0—22 ,
23 = e2Pe3(VH21=92) g b sin b , 2y = e2Pes(=P11¢2) gin 2} cos b . (A1)
2 2 2 2
The conifold equation z1zo = z3z4 can be written as:
detW =0,  with W= <_Z3 ZQ) . (A.2)
—2Z1 %4

In order to write it in terms of the angles, let us introduce SU(2) matrices:

I — Cos %e%(wiﬂ"i) —sin _ie—%(wi—soi) 43)
"\ sin %e%(wiﬂoi) cos %6*%(¢i+<ﬂi) :

Since the ¢; only appear in the combination 1 + 19, let us set ¥ = 1o = %1/) We can
explicitly check from (A.1), (A.2) that:

3 01
W:e2pL1<OO>L£. (A.4)

Now, the trick of [16] consists of introducing a change of coordinates which eliminates 65, o
in favor of two new angles v, § with ranges v € [0, 7], € [0,47), as:

cos 2ef%  —isin Ze~'%
LQ = LlS, with S = o 2 .5 274§ (A5)
—isin3e'2  cos Te "2

The nice point is that this new system of coordinates is very well adapted to the massless
non-chiral embedding TrW = z4 — 23 = u, since by explicit computation we find that:

TrW =i sin %ei%e%p =L. (A.6)

Suppose without loss of generality that p is real and positive so we can define p = 2PQ.
Then, the z4 — 23 = p embedding is just:

sin %e%p = ¢3°0 , 0 =3m. (A.7)

This embedding equation is valid both for the quenched and unquenched set-ups. In par-
ticular, in the unquenched case, it is possible to show that (A.7) gives a solution for the
worldvolume action Spr = Ty [(—e?\/— det(P[GL.]) + P[C(g)]), where the P denotes the
pull-back on the brane worldvolume. To do this, it is necessary to use (3.4) and take into ac-
count that C(g) (defined as dCg) = €2¢(*F(9))) takes a non-trivial value in the background:

s N ¥ e2<;$+4g
T

Cig)= sin 01 cosy (dxo A dxy A dxg Adxs Adp A dby Ader Ady) . (A.8)
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A.2 The meson excitation equations

In order to study the fluctuations, we want to write down the metric in terms of the new
coordinates v, d. Let us start by rewriting the original metric in terms of two sets of left
invariant one forms:

h1 = — cos % sin #1dp1 + sin %d@l , hoy = —sin % sin #1dp; — cos %d@l ,
iLl = — oS % sin #odps + sin %d@g , iLQ = —gin % sin #odps — cos %d@g ,
d ~ d
hs = 71/} + cos O1dypy , hs = 71/} ~+ cos Oadps . (A.9)

The angular part of the metric in (3.1) reads:

2 2 2 2,72, 32 e/ 7 \2
Substituting the expression above we get the usual metric written in terms of the an-
gles 01, 1,05, p2,%. The form of the h;’s in terms of h;,y,d can be obtained by explicit

computation from (A.5) [16]:

hy = (h1 — dry) cos § — (hssin~y 4 hg cos)sind,
hy = (h1 — dvy)sind + (hgsin~y 4+ hy cos~) cos d
hs = (hgcosy — hgsiny) +dd . (A.11)

Substituting in (A.10) we get:

6

2f
—i—%(dé + h3(1 4 cosy) — hgsin~y)?. (A.12)

20 (1 dv\?
ds? = c <§d72 +2 <h1 — %) + h3 + (sinyhs + cosvh2)2> +

The induced worldvolume metric is obtained by inserting (A.7) in this expression. In order
to compute the meson spectrum for the modes discussed, we insert the ansatz for the
fluctuation (3.5) in the equations of motion stemming from the worldvolume action:

Spr =17 <—/d8ﬂ:e¢\/det(—P[GW] + 271'0/67%Fw/)

2 AV
+ / P[Cs)] + % /P[C(4)] AF A F) . (A.13)
Keeping only linear terms in the fluctuation equation, one finds (3.6), (3.7).

B Schrodinger form and WKB estimates

In this appendix we shall start by reviewing the mapping of a generic mesonic fluctuation
equation to a Schrodinger wave equation and the subsequent use of the WKB approximation
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to get an estimate of the corresponding mass levels. We shall follow closely section 3 of
ref. [28], which we will adapt to our notations. Let us suppose that the fluctuation is
represented by a function ¢(p), which satisfies a differential equation of the form:

05 (¢ P F(p)050) + («* H(p) + P(p)) 6 = 0, (B.1)

where the radial variable p is non-negative (p > 0), w is a mass parameter and F(p), H(p)
and P(p) are three arbitrary functions that are independent of w. We will assume that p
takes values in the range 0 < p < peyt, Where peyt is large and, in the quenched cases, we
will just take peyt = +00.

By performing a suitable change of variables, eq. (B.1) can be written as the zero
energy Schrodinger equation:

9 — V(y)y = 0, (B.2)
where V(y) is some potential to be determined. The change of variables needed to pass
from (B.1) to (B.2) is [28]:

y
&V =l —1, 6=y, (B.3)
VF

Notice that y > —oo. In order to write the expression for the potential V' (y), let us define:

Iy =eVF, Hy =Y H, Py=¢e"P. (B4)
Then, the Schrédinger potential V' becomes [28]:

1F' 1F2? P H
V—_--0_-70 0 270

B.5
2R, 45 R I (B.5)

where the primes denote derivatives with respect to y. Notice that the potential V' in (B.5)
depends parametrically on w. When V satisfies some general conditions, w can be fine-tuned
to some particular discrete set of values in order to produce a normalizable zero-energy
solution of the Schrédinger equation (B.2).

One can get rather accurate estimates of the mass levels by means of the WKB ap-
proximation, whose starting point is the standard semiclassical quantization rule for the
Schrodinger equation, namely:

<n—%>7rz/y2dy\/7(y), n>1, (B.6)

Y1
where n € 7Z and y; and yo are the turning points of the potential (V(y1) = V(y2) = 0).
One can evaluate the right-hand side of eq. (B.6) by expanding it as a power series in
1/w. By keeping the leading and subleading terms of this expansion, one can obtain w as
a function of the quantum number n. Actually, as shown in [28], one can obtain the WKB
levels by simply looking at the IR (p — 0) and UV (p — oo) behavior of the functions F', H
and P entering the original fluctuation equation (B.1). Let us assume that near p ~ 0, co
these functions behave as:

F~Fp™, H =~ Hp*, P~ P p*, asp — 0,

FrFye?, H ~ Hye™? P~ Pyes?, asp — 00, (B.7)
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where F;, H;, P;, s; and r; are constants. The consistency of the WKB approximation
requires [28] that sy — s1 + 2 and r; — ro — 2 are strictly positive numbers, whereas
s3 — 81+ 2 and r; — r3 — 2 can be either positive or zero. Let us define, following ref. [28],

the quantities a; and 3y as:
ar =s3—851+2, fp=r1—rp—2, (B.8)

and a9 as:
|s1 — 1] ifss3—s1+2#0,
ay = (B.9)
\/(51—1)2—% ifs3—s1+2=0.

Similarly, we define (35 in the form:

|’I“1—1| if?"l—T’g—Q;éO,
B2 = (B.10)
V=12 = 42 i~y 2= 0.

Notice that a2 are determined by the IR behavior of the fluctuation equation, whereas
B1,2 can be extracted from the UV limit of ', H and G. Actually, the mass levels for large
quantum number n can be written in terms of o2 and (2 as [28]:

L az [
w%VKB:§n<n—1+a—l—|—E>, (n>1), (B.11)

where Y is the following integral:

- Pcut y M
5 _/0 e\ T (B.12)

B.1 WKB for KW backgrounds

Let us now particularize our formalism to the general case of a metric parameterized by
two functions f and g and a warp factor h as the one written in (3.1). The differential
equations for the vector and scalar modes (3.5) have been written in egs. (3.6) and (3.7)
respectively. Let us rewrite these equations in terms of the variable p = p — pg defined
in (3.11). One has:

. 29+2f 1
0p (62973[)(63[) — 1)0pa,) + w c

v T
Q
e —1 w? a-/3
6p<wﬁpas>+ ,/_;Q 62f+63p<5629_62f) N

_§a,;(1—1) _ %7)[] as = 0, (B.14)

3
<1+e3/’(16292f— 1)) a, = 0, (B.13)

,31,



where f, g should be considered as functions of p, w, s have been defined in (3.8) and I
and I are given by:
4

I = —
(p) 2Tmgs N,

h(p) ., Ig = I(p=pq)- (B.15)

By comparing the fluctuation equation (B.13) with our general formula (B.1), it follows

that the integral ¥, determining the mass gap for the vector modes is:

1
peut [ 2F(P)43p 4 3 20(p) _ 2f(P) (5 |2
5, = / ¢ +3%e ‘ V) | (B.16)
0 & P — 1 \/IQ
Similarly, for the scalar modes in (B.14) the corresponding Y-integral is:
1
Peut | 2f(P)+3p 4 3 o20(p) _ 2f(P) (5 |2
5, :/ ¢ +3%6 < Ip) (B.17)
0 e P — 1 \/IQ

B.1.1 Vector modes in the quenched KW

Let us apply our previous formalism to the case in which the background is just the KW
without including the backreaction of the flavor branes. In this case we must simply take
f=g9g=p+pgand I = e~47=4PQ in our general formulas (see (3.10)). Ome can check
that, in this case, the fluctuation equations (B.13) and (B.14) reduce to the ones written
in (3.12) and (3.13). Notice that in this case the range of p is just 0 < p < +o0. After
removing a common constant factor the functions F', H and P take the form:

e 3P
F(p) = e — 1, H(p) = e ? (1 — 4p > P(p)=0. (B.18)

Changing variables as in (B.3) we can get the expression of the Schrédinger potential (B.5)
for this case. One gets an expression of the type:

ey
4(e¥ +1)4(e?¥ + 3ev + 3)2

Vv(y) - Pv(y) ) (B.19)

where P, (y) is a polynomial in e of degree seven, namely:
Po(y) = 4e™ + 34e% + (129 — 4w?) ™ + (274 — 24w,) e® + (346 — 60w?)e®? +
+ (258 — 75w?)e® + 15(7 — 3w?)e? + 9(2 — w?). (B.20)
It follows from the above expression that:

lim V,(y) =0, lim V,(y) = 1. (B.21)

y——00 Y—00

In general, when w, is above some threshold (related to the meson mass gap), the potential
V has a minimum around y = 0, where V,, is negative (see figure 11).

Let us now estimate the WKB energy levels for the quenched vector modes. By
analyzing the behavior of the functions (B.18) near p ~ 0, we get that the coefficients
defined in (B.7) are:

3
F1:3, 81:1, HIZZ’ 82:0, (B22)
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Figure 11. Schridinger potentials for the vector (left) and scalar (right) excitations in the quenched
KW model. We used w,, =3 and ws = 6.

while P; = s3 = 0. Moreover, the behavior at p — oo is characterized by:

5 =1, r =3, Hy =1, ry = —1, (B.23)
with py = r3 = 0. Using these values in eqgs. (B.8)—(B.10) we get:

a; = 2, as =0, 5 = 2, By = 2, (B.24)
and then, as as/a; + (2/01 = 1, the WKB formula for the masses becomes:
=—n, (B.25)
with:

Yy =

— 4
1 /°° VA 1 \/7_TF(§>F 1151
N e = - — — X
2 Jo P° Ve o1 F(%) 273764

Numerically ¥, ~ 1.3285, which, after substituting this value in (B.25), yields the expres-

(B.26)

sion of w, displayed in (3.17).

B.1.2 Scalar modes in the quenched KW

Similarly, by using the functions f, g and h of (3.10) in (B.14), we can study the scalar
fluctuations in the quenched KW case. We get:

3 €3

_ 2¢37 + 1 _
_i, p(ﬁ):_663p[1+_

F(p) = (e 1), H(p) =~

8e3 —1

| ®an

where, again, we have removed an irrelevant constant factor. The potential V; associated

to these functions takes the form:

1

Aev + 1)1 (e + 3ev + 3) Psly) (B.28)

Vi(y) =

where now the polynomial Ps(y) is:

Po(y) = 49e% + 247¢% 4 (501 — 4w?) e 4 (514 — 12w?) %Y +
+ (271 — 120w2) e + (63 — 6w?)e? + 3. (B.29)
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Then: 1 49
lim Vi(y) = -, lim Vi(y) = —. (B.30)
Y——00 4 Yy—o 4
In figure 11 we have plotted V; for some typical value of w;. As before, when wy is
above the mass gap, Vs has a unique minimum, where the potential is negative.
In order the get the WKB estimate of the mass levels, let us look at the behavior of

the functions F'; H and P at p = 0. We get:

3 3
F1:3, 51:1, H1:§, 82:0, Plz—z, 83:—1, (B31)
whereas, by looking at p — oo one concludes that:
33
ngl, T1:5, H2:1, T‘2:1, P2:_z’ 7“3:3. (B32)
Using these values, one arrives at the following coefficients:
a1 = 1, a9 = 1, ﬁl :2, ﬂg =7. (B33)

Notice that (2 must be computed from the square root in (B.10), which gives the integer
value 7. Moreover, in this case:

4
V2 ﬁf(ﬁ) 115 1
Y F{—-—=,=,=,—=|. (B.34)
xf Ve —1 F(%) 2°3°6" 2
Numerically X5 ~ 1.53173 and the WKB mass formula becomes:
7
ws = 2.0514/n|n+ 5 ) (B.35)

To improve the agreement of this WKB estimate with the numerical results for small n
we can add a new term independent of n inside the square root in such a way that the
numerical values are fitted. It turns out that an excellent fit is obtained when this new
term is 15/8. The resulting expression of ws is just the one written in (3.17).

C An alternative way to interpret the (’s

Let us comment on a possible alternative way to interpret the ( functions entering
the expression for the mesonic masses. Let us write the mesonic mass formula in the

following way:

M~ T(p) ’ (C.1)
AT ()

where, taking inspiration from the Lamb shift calculations in QED, we take the energy

=

scale u to be related to the (modulus of the) binding energy Ej of the meson, defined
by M = 2mg — Ep. Let us take p = |Ej|/2 for example. Since M = €2mg, with e < 1
related to the inverse 't Hooft coupling (at the scale mq), we have:

Eb ~ QmQ(l — 6) . (02)
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This relation suggests to relate the energy scale p with a radial variable:

p=pe(l—eq), (C.3)

and so to get, by a simple expansion of (C.1), a formal relation like:

v~ Yie

i [1+ew(pg)] (C.4)
AQ

where the function w(pg) has to be determined case by case. The above term in
parentheses could possibly provide an alternative interpretation of the { functions. We
leave this issue for future studies.

D Comments on the quark-antiquark potential and high spin mesons

Let us consider the holographic expression for the potential V(L) felt by a QQ pair probing
our D3-D7 models. Obviously, due to the presence of UV cutoffs in our set-ups, we cannot
take these sources as being strictly static: their mass mg, in any case, will have to be
smaller than the UV scale.

The QQ meson is dual to an open string attached to the probe D7-brane (at pg),
bending in the bulk up to a minimal radial position pip. The Minkowski separation L
between the test quarks, as well as the potential V(L) (i.e. the total energy renormalized
by subtraction of the static quark masses) depend on pijp. For an open string embedding
given by t = 7,y = o,p = p(y) where y € [-L/2,L/2] is one of the spatial Minkowski
directions, one finds [29]:

PQ GPip p

b =2 [y,
pun P\/P? — P2,
2 PQ GP PQ
V(ptip) = D) / [/ dp—/
o Ptip 4 /P2 — PtQip —00

where P,G are expressed in terms of the string frame metric (we do not consider BH

Gdp|, (D.1)

backgrounds so Gy = Gyy):

P =Gy, G=1\/GuG,,, (D.2)

and the “tip” subindex means that the quantity is evaluated at p = pi;p. From the relations
above it is clear that the short distance behavior of V(L) is not Coulomb-like. Instead, at
L =0, ie. at pip = pg, we get V(0) = —2mg, where:

1 PQ

Gdp. (D.3)

[e.9]

mo =
Q 2ral |

Expanding the previous expressions around L = 0 one actually gets:

2
V(L) = —2mg+ToL +--- (L < %) , (D.4)
Q
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i.e. a linear potential, where the effective string tension Tt is given by 2ra/T = Gu(pg)-
This result is generic and only depends on the fact that we are considering a D7-brane at
finite pg: indeed it was previously noticed for a probe brane on AdSs x S® in [24].

The occurrence of this linear potential at small L explains why in [24] the masses of
mesons with spin 1 < J < /A follow linear Regge trajectories. The very same behavior
is thus expected for the analogous mesons in the (flavored) KW models. The Regge slope
dependence on the sea flavor parameters will be simply accounted for by the expression for
Tq. The study of the screening effects on this slope will thus easily follow.

Mesons with spin J > v/A should behave instead as non-relativistic quark-antiquark
pairs (also at strong coupling) interacting through the large L limit of V(L) which, in the
KW-like set-ups, is Coulomb-like. The mesonic masses in the flavored KW cases in such
regime should have expressions analogous to those in [24] and the study of screening effects
on these mesons should not be a difficult task.
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